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Abstract
An L-list colouring of a graph G is a proper vertex colouring in which every vertex v gets a
colour from a prescribed list L(v) of allowed colours.
Albertson has posed the following problem: Suppose G is a planar graph and each vertex
of G has been assigned a list of 4ve colours. Let W ⊆ V (G) such that the distance between
any two vertices of W is at least d (= 4). Can any list colouring of W be extended to a list
colouring of G ?
We give a construction satisfying the assumptions for d=4 where the required extension is
not possible. As an even stronger property, in our example one can assign lists L(v) to the
vertices of G with |L(v)|=3 for v∈W and |L(v)|=5 otherwise, such that an L-list colouring
is not possible. The existence of such graphs is in sharp contrast with Thomassen’s theorem
stating that a list colouring is always possible if the vertices of 3-element lists belong to the
same face of G (and the other lists have 5 colours each). c© 2002 Elsevier Science B.V. All
rights reserved.
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The idea of extending a colouring of a subgraph to a colouring of the entire graph
proves to be useful in many situations, and it provides a model for several practical
problems, too. The corresponding formal problem was introduced in [3] and then has
been studied e.g. in the series of papers [5–7]. We refer to [11] for an extensive
account on the developments in this area, as well as in connection with list colourings
which are the main subject of this note.
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In [10], Thomassen posed the following problem: Suppose G is a planar graph and
W ⊆ V (G) such that the distance between any two vertices of W is at least 100. Can
a 5-colouring of W be extended to a 5-colouring of G ? (It was proved in [10] that a
suMciently large distance ensures extendability, but the bound obtained was enormously
large.)
Answering this question in a much stronger form, Albertson [1] proved that such an
extension is always possible if the distance between any two vertices of W is at least
4. Furthermore, he proved that any 6-colouring of W can be extended to a 6-colouring
of G if the distance between any two vertices of W is at least 3. For the proof of the
latter assertion, he applied results on L-list colourings, i.e., proper vertex colourings in
which every vertex v gets a colour from a prescribed list L(v) of allowed colours.
One of the fundamental results in this area is due to Thomassen [9] who proved that
every planar graph is L-list colourable for every list assignment with |L(v)|=5 for all
v∈V . (That lists of 4 colours do not suMce was 4rst proved in [12]; further construc-
tions appeared in [4,13,8], the currently smallest counterexample with 63 vertices can
be found in [8].)
What is more, the method of [9] yields that for a near-triangulation G with outer
cycle C, every precolouring of two adjacent vertices of C is extendable to a list
colouring of G for every list assignment with |L(v)|=3 if v∈V (C) (v precolourless)
and |L(v)|=5 if v ∈ V (C).
Albertson [1] asked whether a precolouring of a subset W of a planar graph is
extendable to a list colouring in a similar way as for ordinary colourings. His proof of
Theorem 5 in [1] gives immediately the following more general result.
Theorem 1. Let G be an r-choosable graph and W a subset of the vertex set such
that the distance between any two vertices in W is at least 3. Then any colouring
of W can be extended to an L-list colouring of G for every list assignment with
|L(v)|= r + 1 for all v∈V\W .
Furthermore, Albertson posed the following problem: Suppose G is a planar graph
and each vertex of G has been assigned a list of 5 colours. Let W ⊆ V (G) such that
the distance between any two vertices of W is at least d (= 4). Can any list colouring
of W be extended to a list colouring of G ? The question has been re-stated in [2],
too, though without guessing d=4 there.
In this paper we give a 4rst partial answer to this problem, showing that the condition
with d=4 is not strong enough for list colourability.
Our construction is of interest in comparison with Thomassen’s result, too, where
all the vertices of 3-element lists appear on the same face of G, and then do admit a
list colouring.
Theorem 2. There is a planar graph G and a vertex subset W ⊆V (G) with d(u; v)≥
4 for all u; v∈W , and a list assignment L(v) to the vertices v∈V , with lengths
|L(v)|=5 for all v∈V\W and |L(v)|=3 for all w∈W , such that G is not L-list
colourable.
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Fig. 1. Basic graph H .
Fig. 2. Main graph G.
Proof. Consider the graph H of Fig. 1 with the following list assignment: L(z1)=
(1; 2; ; ; ), L(z2)= (2; a; ; ; ), L(z3)= (1; a; ; ; ), L3(w)= (; ; ). Obviously, H
is not L-list colourable if c(u1)= 1, c(u2)= 2, and c(u3)= a. Denote such a list assign-
ment for the internal vertices of H by Lu1=1;u2=2;u3=a, where the subscript describes
the precolouring for which H is not list colourable.
Note that vertex w is at distance 2 apart from every ui, i=1; 2; 3.
Now, insert the internal vertices of Fig. 1 into each triangle of graph G in Fig. 2,
identifying a copy of triangle u1u2u3 (in this order of its vertices) with vi+1vix, as well
as with vivi+1y, for each i=1; 2; 3. The new graph is denoted by G′.
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Assign the following collection of lists to the inserted vertices:
triangle v1v2x : Lv1=2; v2=1; x=a;
triangle v2v3x : Lv2=2; v3=3; x=a;
triangle v3v4x : Lv3=1; v4=2; x=a;
triangle v2v1y : Lv2=1; v1=3; y=b;
triangle v3v2y : Lv3=2; v2=3; y=b;
triangle v4v3y : Lv4=3; v3=1; y=b:
Furthermore, assign L(vi)= (a; b; 1; 2; 3) for i=1; 2; 3; 4.
Assume that c(x)= a and c(y)= b hold. This particular precolouring of x and y
admits no proper extension for the given list assignment, since v2 cannot be coloured
with 1 because of the triangles v1v2y and v1v2x, v3 cannot be coloured with 1 by a
similar reason, and v2 and v3 cannot be coloured with 2 and 3 because of triangles
v2v3y and v2v3x.
For each of the 20 pairs (a; b) of distinct colours from (4; 5; 6; 7; 8), take a copy
of G′ and assign the corresponding lists given above.
Now, identify all the 20 vertices x, so obtaining a vertex vx, and similarly all the
20 vertices y, obtaining a vertex vy. Finally, adjoin an edge vxvy, and assign the
lists L(vx)=L(vy)= (4; 5; 6; 7; 8). The constructed graph is denoted by G′′. Let W ⊆
V (G′′) be the set which contains the internal vertices w of all copies of H (Fig. 1)
having lists of 3 colours only.
If G′′ were list colourable, then vx and vy should be coloured with a pair of dis-
tinct colours from (4; 5; 6; 7; 8). However, the corresponding copy of G′ is not list
colourable for the lists assigned to it. Thus, G′′ does not admit any list colouring for
the given list assignment. Furthermore, d(w1; w2) ≥ 4 for all pairs w1; w2 ∈W with
|L(w1)|= |L(w2)|=3.
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